Blgebra

sinnm =0

1—cosnm =2 for odd n
arctan(%) =2 arctan(v3) =%

sin(z £ y) =sinz cosy + coszsiny
cos(z £ y) = cosxzcosy Fsinzsiny

sinzsiny = $[cos(z — y) — cos(z + y)]
COST COSY = %[CO&(% —y) + cos(x + y)]
sinx cosy = 3[sin(z — y) + sin(z + y)]

sina £ sinb = 2sin '2" cosi

£ cos TI’
a+b sin agb

cosa + cosb = 2(:08“
cosa — cosb = —2sin

C cos () cos(wot)—C'sin(8) sin(wgt)
C'sin() cos(wot) + C cos(0) sin(wpt)

C cos(wot + 0) =
C'sin(wot + 0) =
0 =tan~!(—2), £7 when a <0
sint = cos(t — %)

—cost = sin(t — )

cosx = % [€9% 4 e792]

sinx = 5~ [e” — e 7]

et = cos(wt) + jsin(wt)
z*=a—jb=re

u*v* = (uv)*

Zz=tan"!(2), £7 in Q2 and Q3

(s+a)(s+b)(s+c) = s3+(a+b+c)s?+ (ab+be+ca)s+abe

Integrals
f COS2 at dt = 1 + sm 2at
2
[teosatdt = % (cos at + at sin at)
[tsinatdt = 3—2 (sinat — at cos at)
[t?cosatdt = X (2at cosat — 2sinat + a®t? sinat)
[t*sinatdt = % (2at sin at + 2 cos at — a*t? cos at)
[ te*t dt = % tat — 1)
[t2eet dt =" ot (a2 — 2at +2)
J ™ cosbtdt = m e (acos bt + bsin bt)

J e sinbtdt = at(gsin bt — bcos bt)

1
az42 ©

1 _ 1 e
fmdl’—atan

a

Signals

Er = [Zoo [F()Pdt (complex);

Py =limy o % [0, |f(£)]2dt;
rms power = /Py

Cont; analog; periodic (extension); (non/anti)causal;
energy /power (both); deterministic/stochastic (info)

[ ft)-8(t —to)dt = f(to) (f continuous at to)

f(2xz — 6): shift by 6, scale by 2;
f(2(x —6)): scale by 2, shift by 6
fe(t) = %[f () + f(=1)]
fo(t) = 31f(t) = f(=1)]

Systems

T > k=0 arDF y(t) = >i=o biD' f(t)

Linear T[kf1(t) + f2(t)] = ky1(t) + ya(t).
Lin if ay, b; are not functions of y(t), f(¢)
E. sing(t) + t2y(t) = (t + 3) f(¢)

Time-inv T[f(t — 7)] = y(t — 7).
a, by indep of t (const coeff)
Let g(t) = f(t — 7), find 2(t) = T[g(t)], cmp y(t — 1)

Causal y(t) dep only on f(7), 7 < t. Compare ¢ and 7.
Instantaneous y only dep f at present (no [, no memory)

Invertible given y(t), we can know f(¢) (ideal diff is not)

Conv prop

= [T f(n)g(t —7)dr
cn] =30 flmlgln —m]
fxg=gx*f
frlg+h)=frh+gxh
frlg=h)=(f*g)*h

pf'f*(g*h) fx(hxg)

:ff( thQ t—TQ—Tl)dTQdTl

fh( fle t*Tlng)dTldTQ

f(t — Tl) *g(t — TQ) = C(t — T1 - T2)

f(at) = g(at) = | 1| c(at) (even/odd)
FIm () x g (t) = clmr (1)
pf: f(7) =limp_o f(7) = f(r = T)

Graph: shift left by +¢, and reflect;
Every 7 replaced by ¢ — 7; Reverted

Conv table
f(t)=o(t=T)=f(t-T)
u(t) xu(t) = tu(t)

et u(t) * u(t) = =22 ()

—a

a bt

et u(t) * et u(t) = = ;:i u(t) a="b, te" u(t)
et u(t) et u(—t) = el ul-t) R(b) > R(a)

te® u(t) x e u(t) = § t2e* u(t)

m!n!

(m+n+1)!
Don’t forget [u(t + T1) — u(t — To)] term

tmu(t) " u(t) = Lo (t)

LTI response
Q(D)y(t) = P(D)f(t), typically integrating f
Assume causal input f(¢)u(t)
Yzs(t) = f(t) * h(t) from input
Y25(07) =0, ys(0F) #0
Let h(t) = T[6(t)] (impulse response)
Yzs(t) = TL(B)] = TLf(£) * 6(2)]
= Tim > f(nAT)I(t — nAT)AT]
=lm} f(RAT)h(t — nAT)AT = fxh
yzi(t) from ini7 f(t) = Oa Qyzi(t) =0
yzi(oi) = yzi(OJr)a yzl(oi) = y21(0+)
Ortho set
Ee = [ le(t)dt
= [ Pwdt -2 ¢ [}
= gf - 2Zci<fvmi>
+(X- 2 tt zi(t)?dt + 32, cicj fttf xi(t
o= = 0= =2(f(t), zi(t)) + 2Eic
Emin — £, — Zl L 2E;

1 _ [ f@)z(t)dt
- ?i<f’ i) = T@2(t)dt

F®)wi(t)dt + [}*(3 eqwi(t))2dt
Qij (t)dt)

For ortho, £, = E, + E,
u+of? =

(@(t),y(t) = J? 2(t)y(t) dt = [}

Use prod — sum identities

[u|? + |v]? + u*v + v*u

2 x(t)y(t)dt if real



FS

ang = ’I{ fTo )dt
To 7 J7, T () cos(nwot) dt

b, = =i fT ) sin(nwot) dt
Energy: Tg for n =0; To/2 else
Half wave sym f(t — %) =—f(t)

To/2
Appyy = Tio o o/ f(t) cos(nwot) dt

f(t) — E;:O:ioo Fnejnwot
Fo = o d

C), cos(nwot + 6,) = 2

(ej(nw0t+0 )_|_€ j(nwot+0, ))

:(%e_]a )6an0t+(%€ 70n ) —jnwot

F, = % eifn = %(anfjbn) =
F_,= % e 0 = %(an+.jbn)

|Fn ‘ejéFn

Existence
Weak: finite [, fin bounds a, b, fin power

Strong: fin min/max/discont over Ty, —
F'S prop

Time shift f(t —ty) — F,,e~dn{woto)
|F,,| same; £F, shifted by —(wqto)n

Reversal f(—t) — F_,
Scaling T' = %, w = awy

Multiplication (same Tp): f(t)g(t) — Fy * G,

75 Im, (t)g(t)ef”wot dt |
= i [ (5 Fned™0t) (32 Gt
- Z Ek F'mGkT f ej(m“rk n)wot dt
= Zm Zk F, Gk(eﬂ(erk)wot ejnw0t>
= Z;oz_oo GrFo_k
Conjugation f(t)* = F*,
%mmwwaﬂﬁﬂ=ﬁmﬂwww
=1 J5, a5 e]"“"t)(Z Frped™eot)* dt
=20 m b 7y fT el (n=mwot gy
- Zn |Fn|2 1
f real = |F| even, ZF odd

f real, even — F real, even; F_,, = F,, = F}

f real, odd — F imaginary, odd; —F_,, = F,, =

fet) = R{F,}
fo(t) = jS{Fn}

—jnwot dt

FH+£(ty)
2

_F:l‘

Common FS

(A=1,T =2m, w—l)

Square %(cost — 2 cos3t+ L cosbt —...)
4(sint + §sin3t + £ sin 5t + .. )

Trlangle W—(sm t— ¢ sm 3t + g sin bt — ...)

5
2 (cost + §cos3t + 5= c055t+ )

Sawtooth 2 (blnt — 3sin2t + $sin3t — ...)

2(—smt— $sin2t — £sin3t — ...

§ train op, (£) = >0 6(t —nTp)

1 o0 Jnwot
To Zn:—oo e

FT

Let F(w) = [ f(t)e 7« dt

F, = TT) fTo e_]'VLUJ(]t dt

Limit as wg = Aw — 0,

Fn _ Aw f f —jnAwt dt = %F(HAW)
fr,(t) =32 F, efmwot =3 %F(nAw) eindwt

f(t) = limpy o0 1, (1) = 5= [ F(w)e?™dw
F(w) = |F(w)|e“F)

Real signals: amp and phase symmetry
Existence: weak: energy signal (le ™/« = 1)
Strong: fin num max,/min/discont

FT Table

o(t) =1

1 — 27(w)

eIt — 276 (w—wp)

coswot — m[d(w + wp) + I(w — wo)]
sinwot — jm[0(w + wo) — 6(w — wo)]
S0(t —nTp) = wo Y. 8(w — nwp)

e u(t) — a+1jw
_a|t‘ N 2+w2
u(t) = lim, 0 e~ %u(t) — lim

a+]w
= hm(ﬁ — jm) = T('(S( ) j%
sgn(t) — ]%

t"e_atu(t) — W

_ 27
Wo = 7

a>0
a>0

a>0

coswot u(t) = 5 (d(w — wo) + 0(w + wo)) +

sinwot u(t) = 35 (6(w — wo) — d(w + wo)) +

e~ coswot u(t) — %
t

—at ; wo
e~ sinwot u(t) — (CES R

w,

w,

rect(%) — 7 sinc(Fw)
W sinc(Wt) — rect(53%)

A(L) = Zsine®(w)

gz sinc (%t) — A(537)

[wW?r (ze:)] ¢ 3= ejf)s(
22

2 ; wo
w?t? — 2wt 4+ 2)%9,
) sin wot+2wot cos wot

3

(w,

[le

cos wot+wot sin wot—1
)] A woTt2

rect (5=

Frequency domain prop
Linearity
Time shift f(t—tg) — F(w)e Jtov
|F'| unchanged; ZF = —tow, lin shift

Freq shift f(t)ed“ot — F(w—wp)
Duality f( ) = F(w), F(t) = 27 f(—w)
pf. f(t) = 1fF A)elt d)
onf(—t) = [ F(\e ¥ d\ = F[F(\)]

Reversal f(— ) — F( w)
Scaling f(at) — |a| (2)

Convolution f*x g — FG, fg — = - F*G
Flf xg) = [e % [ f(1)g(t — T)drdt
= [ f(r)Flg(t —T)]dT
= [ f(1)G(w)e 7*Tdr
=F HF«G)=(3=)* [ [F(NG(w—
Diff f0)(t) = (jw)"F(w) (diff e7?)

Int [* f(T)dTH LF(w) +7F(0)5(w)
=)= )—>F( U (w)

U(w) = hm = lim(

a+_]w a2+w2 J a2+w2

:71’6(0.})—"-]7 ([ z2%zdw =tan™" =)
Conjugation f(t)* — F(—w)*

wo
2_
0

Jw
=t

w?
a>0
a>0

A)dAdw

Symmetry Re — mag even, phase odd (F(—w) = F(w)*)
real, even — real, even; real, odd — imaginary, odd

feven: Flw)=2 [~ f
f odd: Flw ): 2 fo

) cos(wt)dt
(t) sin(wt)dt



Parseval

)|?dw for energy sig
w)*]dt

‘ = or f |F
:fff*dfsz(t)]:_l[F(
= F(—w)*e/“tdwdt
F(\) e~ dAdt
[ f(Hye- dtdx

o S 1 (w)[Pdw

Autocorrelation ¢ (t) = [ f(7)f(T — t)dr — |F(w)|?

Modulation
m(t) cos(wet) = L[M(w + we) + M(w — we)]

e(t) = m(t) cos® wet

E(w)=iM + M (w+ 2w.) + M(w — 2w,)] — LPF
SSB 1/4 gain

dam(t) = [A+ f(t)] cos(wot)
A > f(t) for all t

modulation index g = fiax/A
W = 00, suppressed carrier; p = 1, marginal

LTIC sys trans, (marginally) stable
Let /%! = H(w)el*!
FnAwAw nAw F(nAw)H (nAw)Aw _inAw
hmz ( ) JAt:>hmZ ( )27(r JAw jnAwt
fF w)el“tdw
Y(w) = F(W)H(w)
Distortionless y(t) = kf(t — tq), so H(w) = ke~I«ta
Payley-Wiener H realizable, h causal iff
[ gy < oo (consecutive Os)

14w?
Truncate h(t) = h(t)u(t)

Periodic FT
F(t) = 5, Foel=
FU®)] =23, Frd(w
Y = F(w)H(w) =27 ) F, H(nwpy)d(w — nwy)
Y,, = F,,H(nwyp). Periodic with same wy
Bigen: f(t) = 7o', Yy = H(lwo), y(t) = H(1wp)el"
f@) = cos(wot + 0), assume h(t) real

y = B0 H(wp) + e CHoo) H ()

\H(wo)| cos(wot + 0 + ZH (wp))

cos2tx e 3tu(t) = f*h

= |H(2)| cos(2t + LH(2))

— nwp)

Sampling
I(t) = f(t)or, (t) = 3 f(nT)d(t — nTy)
F(w) = 5 F(w) * [F 3 0(w — nws)] = 7 3 Flw — nws)

ws > 4nB, Fy > Fy = 2B

Intrapolation when Fy = 2B

F(w) = F(w)T, rect(425)

If Fy = 2B, f(t) = f(t) * 22 sinc(27 Bt)
=, [(nTs)o(t — nTy) * sinc(2w Bt)
= >, [(nT,)sinc(2r Bt — nr)

ana F'S, with basis sinc, weighted sample sum

If Fs > 2B, f(t) =) f(nTs)w(t —nTs)
for some relaxed LP filter w(t)

Anti-alias before sampling: LPF of F;/2

not sinc weight

Practical sampling
pr(t) =7+ (& sin(nm7-)) cos(nwst)
Pr(w) = 277 Fo(w) +3° ﬂsm( 7250062 15 (0w + nws ) + 6w — nws)]

LT
Ll—e “u(—t)] = Lle~"u(t)], except ROC
If sig are causal, L is 1-to-1
Unilateral E fooo t)e Stdt
— f —o’t 6 ]wtdt

0p: smallest o to make integral converge

Uni LT Table

Watch ROC!!

i) —1 Vs
u(t) — R(s) >0
thu(t) - My

eMu(t) - L
tn At (t) —

R(s) > R(\)

n!
(s—A)n+1t
e u(t) —

1
= eV

e~ % cos(bt) u(t) — %
e~ sin(bt) u(t) — (H_aﬁ
re=% cos(bt + 0) u(t) — G COBQE&ZT&;%}Z; sin 0)
2re= cos(bt + 0) u(t) - — (Te;ijb) + ¢ ;ﬁ]b)
e~ [Acos(bt) + Z5A42 sin(bt)] u(t)

- —We*‘” cos (bt + tan™! 4228 (1)

— \/r — a2
s2+4+2as+c b=vVec—a

_>

LT Prop
Linearity
Time delay f(t—to) u(t—tg) — F(s)e 5t
to > 0; pf: fixzo
Freq shift f(t)eo! — F(s— 50)
Scaling (a > 0), f(at) — I |F( )
Convolution f; x fo — FyFy
f1f2 — %Fl *x Fy

Time diff f(t) — sF(s)—f(07)

ROC N
ROC same

R(s) > oo + R(so)

%(8) > aoy
ROC N

R(s) > max(0g,0)

f'(t) — s°F(s ) —sf(07) = f(07)
pf (parts): fo Ye stdt = [f(t)e _“] + sF(s)
Time int [° f dT —1F(s) pf: diff
Freq diff —¢f(t) — dl;(f)
Freq int 1f ) — f F(2)d=
IVT f(0F) = hmsﬁC>O sF( ) if exists
pf: L[f(t)] fo Je~tdt
sF(s)— f(07) = fo, fyestdt + [7 f(t)e*tdt
sF(s) — f(Of) = f(0%) = f(07)
FVT f(co ) = hmsﬁo sF( ) if exists
pt Lf(1)] = [ f(t)e>tdt |
hms_m sF( ) — f(O ) = limyo [o° f(t)e *'dt
sF(s) = f(07) = f(o0) = f(07)

Rational £~
First rationalize
by s™ 4. Abys+by — P(s)

F(S) = 1s"4...+a1s+ag Qk(s
= (sgg\)r +o Tt srf_)i + 571)\1 +.

b= (5= A)F(s)] o,

o

ap = (s — )T\n)”F(s)|s:>\
am = iy g (8 = A)F(5)] 5=
ﬁ—l [ (571)\)n ] W - 1 )\t (t)

Multiply both by s and let s = oo, only % term left



Sys Anal Cascade (made P;(s) constant here)
Pi(s) Pa(s) k:

Q(D)y(t ) o) P(D )(5)) H=35 Sxn th

H(s) = 5 = o)

Asym. (internal, init): y.,(t) — 0 as t — oo
marginal: y,;(¢) remains bounded (unique As on Im axis)

BIBO (external, input) iff [*_

= [fO)] <K
Y.s(t) =hx f=[h(r)f(t —7)dr

(t)| dt exists

< JIROIf(E = 7)ldr < K [ [h(7)| dr
< Let f(t) = sgn(h(—t))
y(0) = [ h(7)f(0 — T)dr Parallel . .
= [ h(7) sgn(h(r))dr H=g5+tak tah
= [|h(7)|dT = 0 @ T
Asy stable = BIBO stable (all exp) Wx‘ k.
Marginal = BIBO unstable ([ |sin(¢)|dt = oo) Fls)

<
S

Sys Realization
Feedback: Y = GE = G(F — HGY)

‘ F LHHG T —)\1 0 0 X1 1
To| = 0 7)\2 0 To | + 1 f
I3 0 0 7)\3 I3 1

Yy = [kl kg kg] - X
(S A)) + +

(same pole) H

Canonical
F(s) = 15°X + a35° X + a15X + apX

$3X = F—ass’ X —a15X —apX
b383X + b282X +b1sX + by X = Y(S)

— b15+bg
H = 1s3+ags24ays+ag

(a3=|)

Io| = 0 0 1 zo| + [0 f
i’g —ap —a1 —ag T3 1

Yy = [bo bl O] - X

Second form:

82Y = s%boF + s(—a1Y + b1 F) + (—a,Y + by F)
Y =boF + L(—a1Y + b1 F) + 5 (—a,Y + boF)

Transpose A, swap and trans b, c

X3

State Equations

Def: state of a sys at any time tq is the smallest set of
nums {z;(to)} that is sufficient to detemrine sys behavior

Yt > to when input f(t) is known for ¢ > ¢
Always output
If ty = 0, initial condition

X =Ax+bf

y=c-X

MIMO

x = Ax + Bf

y = Cx + Df

sX(s) —x(0) = AX(s) + BF(s)

(sI — A)X(s) =x(0) + BF(s)
X(s) = (sT — A)"'x(0) + (sI — A)"'BF(s)
x(t) = x2i(t) + x25(t)

LTI Freq Response

H(w) = H(s)]smjo = 52

Ideal delay: |H| =1,/H(w) = —wT

Ideal diff: |H(w)| = \w\ ZH(w) ==+%
Ideal int: |H(w)| = M, ZH(w) =F%
ft)=C=Ce"
y(t) = H(0)C
f(t) =e
y(t) = h(t) x e = e [h(r)e 57dr = H(s)e*
1) = ot (i)
Y..(s) = F(s)H(s)

1 b(s

T s—jwo (s—A1)...(s—Ap)

= (j)l;w;“f) + 38+
Yes(t) = H(wo)e’ 0! u(t) + 37, ket u(t)

Yss(t) scaled input
yur(t) decays for stable sys

f(t) = cos(wot + 0) u(t)
Yss(t) = |H (wg)]| cos(wot + 0 + ZH (wp)) u(t)

Pole Zero

. (]w Z) (]w Zn)
H(jw) = bn " (jw— pi) (jw—pn)

b (Tleﬂbl) (rn eJ(/’n)
— "M (d1e791)...(dpeifn)
| H (w)| = bn g3~

ZH(w) = (¢1+ + bn) —

Vector from p/z to jw
Pole enhances gain; Zero suppresses

(01 +..+6,)

everlasting



