arctan(%) =z, arctan(v/3) = z

sinnm =0

1 —cosnm =2 for odd n

sin(z £ y) = sinz cosy + coszsiny
cos(x £ y) = cosxzcosy Fsinzsiny
sinxsiny = 1/2[cos(x — y) — cos(z + y)]
cosz cosy = l/2[cos(x — y) + cos(z + y))
sinx cosy = 1/2[sin(x — y) + sin(z + y)]
Cc(wot+60) = Cc(0)c(wot)—Cs(0)s(

0 =tan~'(—b/a), &7 when a < 0
sint = cos(t — 7/2)

cosx = 1[I + €797
sina = o5 [e% — e9%]
eIt = cos(wt) + j sin(wt)
Z¥=a—jb= reJ0

u*v* = (uv)*

th)

= [T f(r
f*g=g*f
fx(g+h)=[fxh+gxh
frlg=h)=(f*g)*h

Pf: fx(gxh)=fx(hxg)=
J () [ h(r2) g(t — 71 — T2) dT2 dTy

f(t — Tl) * g(t — TQ) = C(t — T1 — TQ)
f(at) x g(at) = |/a| c(at) (even/odd)
FO(0) 5 g (1) = o) 1

Graph: shift LEFT by ¢, and reflect.
Every 7 replaced by ¢t — 7, reverted

g(t —7)dr

b = 7= [7, f(t)sin(nwot) dt
Energy To for n =0; To/2 else

Half-w sym: 7f(/tQ— Tof2) = — f(t)
17 f(#) cos(nwot) dt

Anoaa = T, Jo

f(t) = Zi’f__oo Felneot
t)e Inwot gt

”*Tng

C,, cos(nwot + 0,,) =
Cn/2 (ej(nwotJr@n) + *j(nldotﬁ»en)) _

e
(%ejen)ejnw‘)t + ( Cn

—760 —jnwot
sre 1% )e

— Cn g0 1
Fn = TGJ = §(a

w = dbn) = |l e3P

Zz=tan"!(b/a), £7 in Q2 and Q3

z% — r%ej 6+iﬂm

[cos?atdt = L 4 sin2at

Jtcosatdt = (cos at + at sin at)
[t*cosatdt = 25 (2atcat — 2s at + a®t?s at)
[te*tdt = 25 e (at — 1)

[ e dt = 25 e (a?t? — 2at + 2)

[ e cosbtdt =

1 1 -1
fmdx—atan

z
a

gz € (acos bt + bsin bt)

& = [7 |f ()2t (complex);
Py =limy o0 = [177, | £(8) 2dt;
rms power = /P

Cont; analog; periodic (extension);
(non/anti)causal; energy/power (both);
deterministic/stochastic (carries info)

[ f@)-6(t —to)dt = f(to) (f cont at to)
out—in f(2x — 6): shift by 6, scale by 2
f(2(z — 6)): scale by 2, shift by 6

fe(t) = 12[f () + f(=1)];
fo(t) = 12[f(t) — f(=1)]

L: Tkfi(t) + fo(t)] = kya (t) + yz(t)

T: YpmoanDFy(t) = 3o D' f(1),
L if ag, b; are not functions of y(t), f
E. sing(t) + t*y(t) = (t + 3) f(t)

TL T[f(t— 1) =y(t — 7).
ak, by indep of t. (const coeff)
Let g(t) = f(t — 1), find 2(¢) = T[g(t)]

(t)

Causal: y(t) dep only on f(7), 7 < t. Just

compare t and 7.
Ins/dyn: y only dep f at present (no [)

Invertible: given y(t), we can know f(t)

e u(t) x u(t) =

e u(t) « e ut) = €= u(t) (teo u(t))

eat U(t) * ebit u(—t) — M(t);feabtu(ft)

te® u(t) x e u(t) = 12t%e u(t)

tmu(t) x tu(t) = mn!

(m+n+1)! tm+n+1 u(t)

Don’t forget [u(t + T1) — u(t — T»)] term

W: finite [, fin a, b, fin power

S: fin m/m/dcont over Ty, — w

Q(D)y(t) = P(D)f(t), typically [ f
Assume causal input f(¢t)u(t)

Yzs(t) = f(t) * h(t) from input

Y25(07) =0, ys(0F) #0

Let h(t) = T[6(t)] (impulse response)
Yes (1) = TfF(O)] = TIf(8) % 6(¢)]
=T[lm " f(nAT)d(t — nAT)AT]
=lm} f(RAT)h(t — nAT)AT = fxh

Yi(t) from ini, f(t) =0, Qy.:(t) = 0;
Y2i(07) = 924(07), y2:(07) = yz:(07)

Ee= |, [ t))?dt =
—2Zci y )z
=& =2 (fowi) + (N [
Zz;ﬁj Clcjft i (t)z; (t)dt)
565:0:f2<f() z;(t)) + 2&ic;
Sgni“:é’f—ZZ 1015

_ 1 _ Jf@=(t)dt
=g (fiwi) = TrRmdt

For ortho, E, = E, + E,

f” F2(t)dt

xi(t)2dt +

lu+v]? =

(@), y(1) = [, 2(t)y(t)* dt
= :12 x(t)y(t)dt if real
Use prod — sum identities

[u|? + [v]? + u*v + v*u

t)dt + ftl (3" cimi(t))?dt

ag = %ofTo f(t)dt

an = T% Iz, f(t) cos(nwot) dt

Time shift: f(t — tg) <> Fpe /™woto) |F |
same, ZF,, shifted by —(woto)n

Reversal: f(—t) <> F_,

Scal: T =To/a, w = awy

Multip (same Tp): f(t)g(t) <> F, * Gy,

75 Jr, F(D)g(t)el™ ot dt =

o S (S Fe 0 )(5 Gretheotye=imeot dt
= Z Sk FnGrge [, € HRmwot dt

= Em Zk F Gk<63(m+k)wot e]nwot>

=2 ke o0 Gh Pk

Conjugation: f(t)* = F*

—n

Parseval (power): Py = 7= [ f(t)f(t)*dt
_ %OITO Z F ejnwot)(z F ejmwot)*dt
72 Z F,F T fT 6] n— m)wgtdt
=2, [Fl -1

f real — |F| even, ZF odd

f real, even = Fre, e; F_,, = F,, = F
fre,od = Fim, o0, —F_, =F, = —-F}

fe(t) & Re{F,}
fo(t) < jIm{F,}

Square (A=1,T=2m,w=1)
4(cost77cos3t+fcos5tf 2

z[(smt—&— fsm?)t—i— +sinbt + ...)

’Ihangle TT (sint — § sin 3t + 5= sin 5t —

£ (cost + § cos3t + 5= cos bt + ...)

Sawtooth: 2 (sint — 5 sin2¢ + £ sin 3t —

2(—sint— 1 Tsin2t - 7sm3t— )

8 train: o7, (¢) = > 02

1 0 Jnwot
To anfoo e

(S(t — TLT())




0.0.1 Fourier transform

= [

(t)e—Inwot qt

Let F(w e Iwt dt

Iy = %ofTo

Limit as wg = Aw — 0,
F, =52 [ f(t)e ImAt dt = S2 F(nAw)

froff) = 35 Fy e =
> % F(nAw) efnAwt

f(t) =lim fr,(t) = 5 [ F(w

F() = |F(@)| 47

)edt dw

Re signals: sym of || and Z

Existence: energy signal (|e=7«t| = 1)
Strong: fin num max/min/discont

0.0.2 FT Table

o(t) 1
1+ 216 (w)

70t &3 276 (w — wy)
coswot <> T[d(w + wo) + d(w — wp)]

sinwot <> jm[d(w + wo) — d(w — wo)]
S0(t —nTp) <> wo Y. d(w — nwp)
e % u(t) < aJrljw

el ¢ 20

u(t) = lim, 0 e~ *u(t) «> lim

1
atjw

:hm( —Ja?iiwz) :7'('6((/.))"—]%

—_a
a?+w?

sgn(t) < J%

n!

the %y (t) >

cwotu(t) < 5(6(=) +0(+)) + ﬁgjfm
sinwot u(t) <> 35 (6(—=) — 6(+)) + wguf’wz
e~ % coswot u(t) < %

e~ “sinwot u(t) < m

rect(L) <+ 7 sinc(Fw)
W sinc(Wt) « rect(5%:)

AL) & % s1nc2(§ )
W sine®(%'t) A(517)
[w?r (525)] ¢ 25 Gy (—w

(wot —2) sin wot+2wpt cos wot
3

—2jwt 4 2)2°

—wo

[‘W| rect( )] — cos wott+wot sin wot—1

woTt?

0.0.3 Frequency domain properties
Linearity

Time shift: f(t — to) < F(w)efjtow
|F'| unchanged; ZF = —tow, lin shift

Freq shift: f(t)e?“o! <3 F(w — wp)

t- fdual f( ) (w) F(t) & 2nf(—w)
Pf. f = [ F( F )edtr dA

27 f(— f F(A —W d\ = F[F()\)]
Reversal: f(— ) <> F(—w)

Scaling: f(at) <» Tal (2)

Convolution: f*g<—>FG ng 5= FxG

f*g [e=3vt [ f(r) t—Tdet
[ f(r)Flg(t — )] dT—ff w)e IeTdr
%fﬁl[F*G]:

L)2 [eivt [ F(N)G(w — A)dAdw

Diff: £ (t) ¢ (ju)" F(w) (diff i)
Int: f f(r)dr < 5 LF(w)+mF(0)5(w)

U(w) = lim a_:]w hm(ag_i_iw2 —jagiiwz)
= mo(w )—I—L ([ Z2%mdw =tan™" = 7)
[ =1(t) xut) & F(w)U(w)

Conjugation: f(¢)* +» F(—w)*

Sym: Re <> || e, £ o (F(—w) = F(w)*);
re, e <> re, e; re, 0 <> im, o

feven: F(w) =2 [° f(t) cos(wt)dt
fodd: F(w ) = —2j fo (t) sin(wt)dt
0.0.4 Parseval

Psval: Ey = [ |f(t)|?dt = 5 [ |F(w)|?dw
for energy signal

Pf: = [ ff*dt = [ f(t)F ' [F(-w)*]dt
= ff(t)%fF(—w)*ej‘*’tdwdt

=5 ff ) [F(\)*e 7 dXdt = [ dtdX

w2 2
AEf = 2 [ |F(w)Pdw
Autocorrelatlon
= [ f(7)f(r — t)dT + |F(w)|?
0.0.5 AM

m(t) cos(wet) ¢ 2[M(w+we) + M(w — w,)]
e(t) = m(t) cos® wt

B(w) = M+ 3[M(w+2w,) + M (w — 2w.)]
SSB: 1/4 gain

dam(t) = [A+ f(t)] cos(wot)
A > f(t) for all t

modulation index p = fiax/A

1= o0, SC, 4 = 1, marginal

0.0.6 LTIC system transmission

Let e/t — H(w)elw!

lim )

N hmz nAw)H(nAw)Aw ]nAwt
= 1 fF ejmdw
Y(w) = F(W)H(w)

Distortionless: y(t) = kf(t — tq),
so H(w) = ke Iwta

”A‘U)AW jnAwt

Payley-Wiener: H realizable, h causal iff
/ |ln1|f%alw < 0o (consecutive 0Os)

h(t) = h(t)u(t)

0.0.7 Periodic FT

F(t) = 30 Foelneet,

FLf#)] =27 30 Frd(w — nwo)

Y =F(w)H(w) =

270y Fp H (nwo)o(w — nwo)

Y, = F,,H(nwy). Periodic with same wq

Eigen: f(t) = e/“0t Y7 = H(lwp),

y(t) = H(lwg)elwot

f(t) = cos(wot + 6), assume h(t) real

Y= H(&OH00 H (o) + 040 H ()
= |H (wp)| cos(wot + 6 + ZH (wp))

cos2tx e 3tu(t) = fxh

= |H(2)|cos(2t + LH(2))

0.0.8 Sampling

f(t f( )8t (t) = > f(nTs)d(t — nTy)
Fw) = £ F(w) * [Z 3 6(w — nw,)]

= % > F(w — nws)

ws > 47B, F, > 2B

F(w) = F(w)Ts rect(ﬁ)

If F, = 2B, f(t) = f(t) * 2 San B sinc(2m Bt)
=3 f(nTy)d(t — nTy) * sinc(2r Bt)
=Y f(nTy) sinc(2nr Bt — n)

ana FS, basis: sinc, interpolation formula
If Fs > 2B, f(t) =) f(nTs)w(t —nTs)
for some relaxed filter w(t)

Anti-alias before sampling: LPF of F/2

8\./

Practical samphng

pr(t) = 7= + X ( sin(nm 1)) cos(nwst)
Pr(w) = 27T 76 (w)

+> 25”;( )[5(w + nws) + 6(w — nwy)]



