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VSC’IL,OV _X =(’;<n) 1 _¥ = (\/!n)

inner product <X ;L> % Xy [orfhogomf it =0 )
X
norm x|l =Kz, %) Tl 2 wnit norm (novm=1)

ortho. t both unit norm —> orthonorma |
Orthonormal basis 1(\_/_1, @} st. <V, >#o [+)

<\/c v > = | L=j

where  Ci= {X,Vi7 Projecﬁm of X on VUi

Sfﬂnal vep. b7 ornby él’@na’ S@JC
|- Rea| &1y Let {’)(,Lt), Xﬂé‘t)j _{—6("6\){&} be a set of orth 51 .

st Lxi, M=o, .*:JJMf %) 2Dt
ener9
= CC» : ) ][Xi ) dt

it £i=] Wi, then st 15 orthonomal .
APPTDX\'mM‘c any 5i. /f[f), ﬁifﬁ,‘b] Ly ortho. set.
'Fé‘b = % Cn Xné‘t) ] _té['(:n fZ]
Apyroach rmmrmze error elt) s —J[é‘ﬁ) ,,2:, Cn Xnlt)

N

prodectmn Ce f [6//6)] dt
[ (1) %clx.ét))z
f L) ot - 25 o[l ab + L1 condw) d

-gjc—zl ci (f11), xfa>+§ic¢f xmdt%wJW

= 6p - 25_— Ci (1) )y + 2 (Pe, e

Min aai = 2% -2{4), x:(4)) to =0

Kw%) %‘[JC» [+ proj. on x:)
6:"” = 2{-‘ ; ic‘C{z

i {xilt))
[f ¢e 25 N o, basis (s aomFlawf’a {X,éﬂ&& s basis 5\'9%[5

gﬂ:m 5 onlt), telh ]



DC fund .

freg -
L1, cos Gt cos 2wot, -+, cos nunt,
51N U}o'lL/) - EY2) nLUo'é}

Or’rhogonah’fy Lover duration ?uz%')
Pr-dl, G nwt) , [ =0

h#m
‘<c05 nU}o'lL/, L0S$ mwo‘f>, fr,, C0S nwot cos mwof d‘é
= fro "z [ws [n+4m) wat+ cos Lnfm)wff} dt =o
SN N sinm some

- 4sm nwﬂ?, Cos mwo"t> ——7 same
Ener@y - = jr, 1“4t = Ts

-else Jro cos nut At = %
Completeness _ PE. omitted -
f(£) = a, +,,Z_;, (an cosnwst + bn sin nwo‘ﬁ) toets ttln
0o =T, 1) = Tl f10)dt
O = 'Ti«( () cos nut df
bn = = %fr f1£) sin nuot dt
If {4 Fe&'ooh'o, no restriction on -
5\)mmetr7 " J—ra/z N 2 i/tm 0dol
Qo = T Jo ) dt O
dn = %f/ L0) cos nuot dt 0
b = o L—-) [ —

COmFach varj Fourier Gn C0S nuwt + bn sin nwet = Cn cos [nwet +6, )

Cozarebs ) Onz +tan [ 22)

CD - 6(0
j(C‘ﬁ):Co+g Cn COSéﬂWa'ﬁ'['(Qn) Cnhn 20
Freg . domain Cn Vs N maﬂm'%uole 5Pecﬁmm

On ve n phase



Exis tence condition Hor Fourier
| Weal i periodic sig. satishiec  Jr FCB) dt < o=, ({inite FOWCV)
then the Fo coeff. an, bn are fin. Ec 20 gs pno oo
Not sPechf\)m it ft) = series vt
2 Stromy ) =" [e 140 4t < oo
b) f(£) has o fin # of minlmex in To }reasonably smosth

o) 7 discontinuities m To

“H}(’/ﬂ : }C[f)) = seres Wt st ) s cont.
L‘f’: + H’d-
2 = series Y discont. to E. UL

Periodw + periodic Let L8) =4t +T), fult) =4 (t+T)
Let sum géﬂ:ﬁéf)tﬁ&) is Period/'c, 36{:)= ﬁ[t'('-l—o)
fi) th)= At T) +h L T)
st T Hh (6 T) == To= mT +0Ta
L= LeMLT.T)  wo= 6CDLwe ws) = =W = yationa
When  two w ratios are rotiona] — harmom'calby related
. )= 2+ cos(E+6) + Scos (51 +6.) + § cos (T £465)

[, T = =4, 37, %ﬁ =1, =x

Need def. inner Pmdamﬁ (Xéf,yét»:f X(t) yé‘ﬁ)% dd‘t

{?(n} is orﬂ\ogona/ it {Aal), YmlE)) = = - - O, En L same.)

f %} i comlete, £U6)=F Cn %o (E), where Cn =2 {FEO,%(E)
= o [ b)) 4
[bounds are fin. interval [£., t.])

Complec exg. set, 1§ e ot £, - 2- sided
Of pem Jr @™ ™ gt = [ 1 dt =T = £,

| R T




= Jhuwot v | ‘L nwet
EXP Fourer Hﬂzzp F e\) , where Fn = T, <‘Fé’ﬁ ’ >
= o fwe™ 4
Mo sym. 1o explot [
0 Sym plo ;
E T = 27[/, Wo'—} \
Tof —jnwot
Froe T Lo dtt e™™ 4t — — ¢
| 7%_ —J"'{"‘ /z, V; 2’7_
nZo - ZEL:,, e dt
! -] jn7L 7t
=’2m\)n_(e&’€%— ) h:D,Fo:ZJ;Ef—m‘HHd‘ﬁ=
1 e®-E |, [n
=7 2 = 77 sin(En)
Plot exp. spectra [Fnl, ¥5, , ne Z Yeaal cose: all real |
H:n‘ 4,[:;]
" ] [
i T
i . T " . T ' N j
| 2
even | odd ! Z—m=/7,)
V5. ‘hf? ha['F 9( mirroved( negatecl &miwovea/ .
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Cn=Fs Cn coslnw.t +68n) = C?-(@ﬁ +te” )
4 (@, \)Bn)e\)nwot_{_.(@ &-\)Bn) e -\)'nu/o‘t
S T = I even odd

il

éFo’—:Co:Ao) Fn F—n — “:n ,F } 2{—[: 9n4—Fn 9

Fh—a CV\ Co' Cn 2”:n (99'1 = Z{— Fn

n= |)o 5(_6 HT ) ST,, é‘t
¥ Rl
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iy
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time dom. freg,. dom.

(6) = {F.}
"Hf)é’),:n éf)“’&h = d'l[é't)+baé'ﬁ7é—;a[:n+b6\n

linear phase hift

) Linemi{'\/ if (5ame Pema{) ,
Samel (w
~Foe T L F shifted by ~lut )

@_ Time shift H[ ’FC'HHFH ‘ ‘ll:é’t"{'

41T wot
P G o flt-t) e ™™ttt —
~ ~ —jwet. )N
. Left f)(é’t):’Fé'{:’_[—o) — FVI = Fr\ e ’
Cn = Z“:"’}: ZH:”I:Ch /é-:\ = eﬂ’éwzﬂéo) N
&\; = 2;1 Cos é: = an cos Cwl)—fo n) “bn 5fh (Wa‘{-oh)
];; - ”2:1 5in 6r\ - = bh ) [U/o H-)F_{- dn S0 éw\)"hﬂ)
reQuency  rev evsal
®. Time reversal ———  f(-t) & F.» P{ t=-1 ,
E.if Feven , f(-t)=1(£), Fn=Fr @ even in E > Bn=0 —> cos or\l7
- T 6?\ 9n= '91’7; anzan, b =
To cha n9es T bass signa al
® Time 5£a[lnﬂ T— o WE AW, 2 ‘Fuvml -ch% chonges.
Jnlwal)t

PL. Hajc) A FRoe
E. {4 =hK , T.=%# “H%tﬂ)é"?%
=% Let g&t)m[[tﬂ), br=Frel™" .
h!,)c)>9[-75) Ho= Gn= Fne 7

@ MMJJCIFI\CA{IM ( some Penod ) hit) = f['f) 9&)

05 Ha= Tk 404007 dt
_ nfn (Z Fm \)mw..'t)(ZGm Jhwrt) 6~an‘td‘t
- Z% R e eJWM it
) Fin 61 <6J0ﬂ+k)m ejnm> — =] on’y it n=mtk

]

=%
Z 6\l< Fn—k = Fn X 6\)’\
* % *
(Y Conjuﬂaﬁoﬂ ‘Fé‘t) &~ F/\/Ov b* =*[ab)%
f\Wot
Ji 4 ) ™ ge)

PE Go= T jT {(4) - —andf [ (+
E. Lf {(4) yeal , {2) =‘FC”C 2 Fo= Er —2FE.-F = | | even,

1

I

3- odd



@ Parseval s velstion  4(£)= Z‘ F. e
n ™ hormonic e et . Power Tbv( ) dt = ,Zoo“:nl congerved
Ph = fo AL ) at
-7 | (ZF " EF ™) At

(Lonj -ZZEFR wh ¢ M)Wtdvf =

® §\/mmetry Assume (1) alwafs real —

a. even |[bn=o  Fais resl X even Ll

odd  |dn=0  Fnis im & odd

Pf. Fon =F> . do time reversal
P{ F~n= Fn*/ o~

bofelt) 2 Re F), £G) = 1 {Fa)
G SR NGNEN

¢. Half -wove 5\/mmefv7 : 'Nf "Z):‘ﬂ’c)
Gop. = Dok = 0 L. HW
E. Find ft) «/ & 4] is Yeal,])en'odn‘c wl T.=Y

“:nl:O 'por [nl>[
§8) wl Gn=e'""Fon is odl
et
L {i)-Fre ¥R, «R & =
@ e,
géJc) =Llt+1) is yeol and oddd = G is im.and odd— Go = 0, b= -
L-Pee by = ol Tlo L + 16,0 =260
6= % > F:
qﬁéf): T eoszfiJC




Pen‘odt‘c - aPer;‘od(c 4'4”’»0)

ourier jnteqral * ve ) T o 7 £) ()=
Def. Fourie m%jrl vyemf ap- sﬂ ot a{%T 'FTCTA f(t)

Fn' 1s JT/z 'F(.; C’f) ot
ST fe) T

=Lty D o oS Flraa)
WCToC't - n=— Fl”‘“")a’” e\)w DFT

nwet
‘FT L‘b) y\=_o° Fh \) ) W Zm
lim

To20t 2 We20, Ca“ lf AUJ

() = £ [ Flw e dw

§Pe5‘[:mm (w) i wnJcmuwus

2 4 1)
— Nt
At

—2 jnvevse FT éana E sertes)

Existence — Weak cord. ﬁm%e enefg\/ fl: {7(t)d < DQ) = finte Flw) ([J con-) )

%rorﬂ {in
{fl’n # of mox/min wh ony fin. )'nJcer\/cL)

[Z et dt =0

= Same

in # discont. (each discont is Hin.) — —————

Fisio)= L2 stt)e™ 4t = |
hawom/ in flme > w:de in {m%
— PF{1 = SR e At = 0 6lw)
La[calafed by . F {oastw)l = £ og ) -
- }F{e’atuéf)/aw} fwe_afe"jmdf

[ —[Q‘F\)MI)'t]
- a.'f'JW o

complex spectrum = atjw |Flw)| = e
L) is veal S |F| even
SR ) [l e e
= aw T oatiw
S
- wta

£(4) real,even

> Flw) real, even

A Flw) = ~tan" o

A F odd
gt = S @B g [T o T
[ L



E  window centered at o w/ width T
1723 _jwf l
Flw)=Jw |- 6™ st rect >4
| —jwt/z \)WC/Z ] -9, Y,
= T w [e - Ke, E
2 . wt ar}: ™ Flw) L
= -a)" 5”'1 ‘T U T ZBIE,;[;_
' (—U;f‘ even mog ool
=T U = wne (%) sinc 0= ) eine /wv_\jw)
wt a L | 2
= T sint 27 T T vt
w
E Flw) :TI , lwleW < {lt)=7 sinc (Wt)
0, lwl>w
[,5671'65 FroP. co\rr)l 01/67’)
|- Linear O\‘Hf)‘l’gé‘ﬁ) < aFlw) + G (w)
— —jwt. —in(wste)
2. Time shilt  flt-1s) =2 Flw) € a (F e o)
| Flw) | U.Y\Chaf\jfo{ , bt 4 Flw) == wte = linear phase shitt ,
_jut
E. Flw)= T sinc /2@ eV (shitted window) 5
4 Flu) . ) T ¢
LFw = =~ - Ly "y $F)
L o ) I
o ow —w
6’0}75:'—%
o
3 Frequency shitt  flt)e”™” <= F (w-w.) ) ~——
£ F [50) cos w,t) ﬂ\ 1
Wwot —wot o‘(ﬁ s
- 4[F Ciee)e™ ] F () ]| R AN AN
- W,y Wo
= ?l_ [F[W’Wo) + FKW‘['(M:)] m.ing ’ ynessaae m[.l:o( Jenod
E. voice signal modulated o high wo, less trans. loss o s | ¥ X*
Xtos wo agoin — low _pas s :fﬁgoﬂ”ﬁ /f*\ /T N
z Due s
ftx) 71@ > £14) cos ol >% P [ —>< {(4t) B
o5 Wt Cos Wit
modulotor demodulator :7 AM radio




real- world signals : spectrum alwa«{ S ;ymmetyfc 158 | USB
DnH need half for information .
W 3 '

i

\V

ljSIf'S%M(smu. info. hidden) is wasteful USB orly LS8 orly
AL N, DA
-, Ws =W, Ws

More efficient - S5B-5C (only half bonduwidth)

demud <>
mod - demodl F}\Ase need to be camplefe SyhC. J:ﬂ? 0n|7l
f My
A . , /N
=W, ‘ Wa
my\ifude odulation
A S e
(pAM C'E) = LA '("ﬁ['t)] L0S w.)t E -F(,'E) = BI?IVCIUPC r?wd,}a% fcfnie
A o w 5 APQ i A+flE) >0
=A cos wyt + 1%?)605 waf a S / ( /\ A\ S A 2 mox Hit)]
~  — A L/L ______
corrier PsB-SC -y 7

— Mo need for receiver, ‘)usf detect env for demod c}\eaFI

Problem: A needs o be lmﬂc, power inetf. (E. brosdcost . [ tvans S mulir’. reaeiuef)

L(r. Tfma-‘(}”e% dwxll‘f\/ j(éf) £ F’[W)
Ft) © 21 fl-w)

£l e ™ulw);  FlEe)e e
oL de)= 3w )e F)e™ a [w->))
At = [ F) e ™ ay = FLE W] [t -w)
S. §calt'nﬂ flot)= T F(%) Com})ress int = exPanA in w
M loso let t=at, | — - -
) 020 - — = f_: - T =

b. Reversal (thw)  f(4) < Flw)
{(-1t) < Fl-w) 5)'m]>[e-



7- Convolw{:\'om ’“'&) * géﬁ) &2 Flw) (m(w)
ftt) 4(4) = 2z Flw) *Glw)
P F %) "’F [ 3= Flw)#6(w)]

= e WJCJ f(z) Jg(t- c)dt dt ) JGJWJFU\ 16lw-A) dX dw
= [ 4 J»g[f v)e ¥ dt dr =2nf N L5 ] 6lw-A1e™du] d)
= J o 1) F[g(ft] T :'z?af () °F [(Mw)\]d)\
= |2 ) Glwl e " dr - f () gltl e’ 4
—jw +jtw
= (hlw) Flw) e’ o™ =) £ f(+)
_ f
B. Time AfHerentintion dd?) (] Jw w) Flw) At — miti.
d"-f(:b)
“ (Jou) Flw)
DL £t =3 [ Flw) J“’taw
i10)= 32 2 Flw) ()™ dw = F " Lljw) Flw)]
E. £ T . £ 7 . /1C "
S I—l/—r/ S T o T S
-Th T)2 % | T -Th J T
- o e y -kt
FLiw) =2 e )£
& =2 e[ ) -=
1 =% Lo oD
[Jw)z Flw) = % sin” &k
Flw) = U%E 5m2w7(—g
= ;Ci sincz ‘_T/’ 2 rect wm/v vea{ (reaﬁ V\// width > 7_ am}) \[—
= fOt) «ft) =% < F(¥)- & F(%)=% ¢ing (45




7- Time in‘fegmh'or’ J—fo iﬁt) JEHJ,T)FéW) + %F(U) 5Zu/) K_\

Pl J_i flt) it = f-»o -Flp) wlt-) dt = £4) % ult) = Flw) Ulw)

v Swt . -at
) = om w0 @5 ae 5 yre)=lim o )
_ L —)'wt L _ lim /
T -w e 0 Uécu) 030 0\+J'zu
' w
dl‘verﬁes - must hove § :ahj; (K%F _};’+—uf:>

w 178 !

—_—

w#o, o
{ .& — Jow wd dw=7T"= 7L§Zu/) T jw

u)=0,7[,$

lo. Con)%ofr\'on ‘Ht)*‘_’ F(“W)* Hﬁ‘ﬁ)* é"F—:)

IO = o S P Ty e

1[4 a) (1) vea] = Fl-w) = F[u/)% [rm9 oven, aryle 0dd) \\
b)

o) £08) real,odd —> F im, odd as

A) °F [06)] = $L Flw) + Fl-w)= 3 (Fw)+ Flu)®) = Ze {Fw)} | F S

)
el F L8] = = Im{Ew)}]

ftt) real,even — F real, even Some

FS- PWW

12 . Parseval  Ey =j ’Hf)’ldf = 7[7?/ “:Zw)/}du/ [ for energy 5:‘\9-)

P, =f 1) 406)" ot
= o) F R 4t
:J {t¢) Lmj F(-w)*e‘jm dw dt

(onh) =2 [ 00) L2FO) %7 ) gt
=2 JET 469 e dE 4)
= o= [FO0™ FOM d)

mﬁw)lzdw
Enerﬁ spectra deﬂsf"['/ : even 1%; Yefl/} £ “sz”Q: Flw) Flw)™ = Hw)l:é—w))
E.reol, E between wh, W, : o IFw gy (48—, 50 2)

Essential bandwidéh w band +hat contains certain 4 (E-15) of sffml er\er\%/



£t =e " ule)

Flw) = al\jw
lFéw))z = wi+a’ ' fwwlm Aw = 0-4§ f::w:w dw

a;L fan_,( )/ =095 2
W& 2.7 o ™ =2a Ha
LRI F L) Flw) ] = {40 )
= j-“t)‘F*(Tf't)dt = Ur ()
Autocorrelation of f(E) (dﬂ[ay = %, corre wl time d\anﬂe)

<

(LT1) Vas = f * h
o, filter Yaelw) = Fluw) Hw) '(rez respanse
/st{ [FI [H — may._ves.
Zf—\/zs =4 F+4H 7anﬂle yes.
Distortionless trans,  y(t) = kf(+-) L just de[a\/)
hit) = k5(t- n)
Hiw) = k- Dmaj const; ¥ lincar
E.ear: more sensitive o mag- distortion, not to 2~
eye’ Vv to X Xt may

’\'n
Distortionless LTL 5\/5‘['em — “‘”: 14 , AH=-tw
Ls Onlx/ need afE w fre% of interest =2 suppress all other bands

™ Hlw)

E.idea LPFE (£2B) . L / T
ideal =01 ., /ﬂi /\ -

hit) = er sincLW(t-+) ]
~hlv) non-cansal = fxh = f}\&:) f(+-7) dt
M
non-C_system ] J hix) f£-¢) dt *] hit) Hf C)

Ph\)sical\\/ unvealizable | (aleo %1‘3}1-}7&95 / band—[?a;s)




| InIH(w)!|
Pa]e\/—Wiener Criterion: Hlw) is reolizable  Ch(t) is C&MSA)) it f_p I+ w? dw <

E. ideal filters has concecutive 0-intervals, In = vo = f—v b=

Dractical] ~ |- Truncate (deal’s non-causal part — ;\[‘E)ﬁ\[ﬂ ult)
Hlw) =Hlw) * Ulw)

fit) = % L ed™t |- ejM — 21 Slw-w)
F L) = T Fn 21 blu-nio)e—
=1 Z B $lw-nw,)

C o snmt) = F ozl -3} = Ej[ﬂw—wo)/élmwo)]
7 Llw-ws) + §(w+w.)]

E. aF{-é Séﬁ'hTo)} = _T—L_ZS (W‘hWO) Pulse troin &2 Fulse train

m
~
S
v

LTI respmse to Pen‘od[‘c 51;9\
Flw)= ZKZ Fn 6[ LU’T)W;))

Ylw)= Flw) Hw) = 21 2 Fn Hlw) §lw-nw,)
=2 2 Fo Hlnw.) §(w-nwo)
= 2 Yo §lw-nws) . where Yn= B Hinw)
Y(E) is periodic w/ the some w, and F. coeff. = B Hinw.) J/
LTL con™t c)\ange m}m{i w ! His o diter (fuen. of w)

LF\J Fa=0 ele  (f#)=e"?)
)Yl Héwu) —_— \/H:): leo)

El.
JWo‘t
Sco. ed bwf some. —2 el'gen'runcéf‘m [ I'"F \/= >\1[
E). {4 = coséwo't'f@), sssume  hit) rea} = |H| even, XH odd
\)9 gwst 1 —')9 —-‘)wt K_/_\>
2 e’ e +3
.WO jwst
2 e Hiws) e+ 5 eV e v

i j4Hws)  jwot - -] 4H[lw) _iwdl
Lo ) e’ e s 2 [Hiwle o

1]

f

yLJc)

I

e



Nwot +8+4-Hlws)) i wot +0+ 4 Hws))
= [Hlw)| 5[’ e )

= |H(wo)| cos (wot +8+ 24 Hlw,)) (same Lor sin)

-3t
E. Convolution s 2t % e U/L'b)

A W |
f(t) }\L"{;) — Hlw) = 3%jw
Hiws) = H2), [HI=35, 4H= —tan 5
X = 5 o élf—tan_lig)
£ {tt)= cos (Sont+F)* sin (2ot t 13[" ) + GJ ot \
Hw) is an ideal LPF > W
y(t) = [« coslSomt +'73t" %) +0+ | eﬂp%)- ejsont o %%7:

Wi

Take 54 values every b seconds — discrete time

{ con dispete samP retoer Z cont. time s\ﬁnal /Uof @uﬁre for £~ domain
fit) = m) § . (t) s Elw)= % Fl) [T 2 Slw-nw,)]
> finT.) 50£-nTs) = 7 2 Flw-nw,) it = add
Flw)
W- domain /{’\ ﬁ\ /—\
-21% —W; i3 ZZZB Wef,  Ws

For redwery via LPF . Ws ZZI'EB

A

Thm. ( /\/y@ws% 5am]7)m97 LC -Fé‘ﬁ) band- limited to B H2, it con be Perﬁ%{'[y yvecovered

MNyguis ot vate,Ns

Lrom samples taken ot a rate Fs > 28 sarnples /s
f+) £+ PR (E)
)\/{ Fsh | Fs/s

E. f) = sineCloont) — B=loor =80 H2, Fy=2B = loo H3
E ) = cinc’ (5nt) <2 02 Alor) = B=5He, Fy=loHs g7

R [o7 ™ Elw) 207
L'p F5=5H2, amp  X$ 0257 Fs=[oH2
R
/ AVA "/ “‘\l,"" \‘\ ““‘ Sw } { S5 w
lort lorc 207C



_ 0’?17 LPF w [ _)’_.
Keconstruct F‘Cw)= l:[w) B Trect (W) I({' Ts = 28 < Fw

i E-Fs £0¢) = {C:c) * E,% sinc (228 +)
= ,;» fnT)80t-nT,) * sinc (2B )
= 2 £(nT.) ¢inc 22B(£t-nT.))
T=% =35 =2 £(nT.) sine (2284 —nt) = linear comb. of busis | ams FS

J'njrerpolafion formula

General  Flw) = fECW)Wéuﬂ W s o velaxed filter
(Fs =2B) L= fxwit)
=2 {(nT.) wlt-nTs) not sinc
v X
Real cont be 4-lim and w-lim —3 sample below Fuv = distort <( A
due to, |- All hi-w parts cut bV LPF
add et /

2. Lolded back 4o lo-w Parﬁ — Aliasm? e
Solution [0n%i~al1’asinﬂ Lier) cut +ail via LPF [F‘/z, forces N@__)) 2, IX (don’t care hi-w)
E_ coslnft) BPF Need 3n Fi< + L4nE <R

/Fg |F-‘c__;n >

E 4= £ 30Hs F=SoHs, Fez 0, Rz %5225 Hs 2 n=lso f=-do Hz o/



